Abstract. It is shown that the coordinate algebra of the quantum 2n
Introduction
Quantum weighted projective spaces were introduced in [7] as fixed points of the weighted U(1)-actions on the coordinate algebra of the quantum odd dimensional sphere O(S 2n+1 q ). The way the circle group acts mimics the action on the classical sphere that leads to weighted projective spaces, prime examples of orbifolds. Classically these actions are not free unless all weights are mutually equal in which case one obtains the usual complex projective spaces. In the noncommutative case the situation is much more subtle, thereby more interesting. The studies in [7] concentrated on the case n = 1 and revealed that if the first of the two weights is equal to one, then a suitable finite cyclic group action on O(S 3 q ) produces a lens space which in turn admits the U(1)-action which is free and has the quantum weighted projective space as fixed points. Subsequently, it has been shown in [5] that the cyclic group action that defines the lens space which is non-free classically is free in the quantum case. The combination of these observations leads one to conclude that, in a remarkable contrast to the classical situation (and in contradiction to an erroneous claim made in [7, Theorem 3.2] ), the U(1)-action on O(S 3 q ) that defines the quantum weighted projective space with the first weight equal to one is free. In the classical situation this space is the teardrop orbifold with a single singular point at the north pole (i.e. at the point with cartesian co-ordinates (0, 0, 1)). Its coordinate algebra is determined by a polynomial with a multiple root 1, and the existence of this multiple root prevents one from differentiation and hence from constructing a unique tangent plane at the singular point. From the algebraic point of view, freeness of the action is controlled by a rational function with the denominator a polynomial in q, which has a root at q = 1. The introduction of non-commutativity in the form of a parameter q = 1, splits the multiple root 1 of the defining polynomial into separate roots (powers of q), thus allowing for differentiation and also restores the freeness of the defining action, since the controlling rational function of q is well-defined in this case. Intuitively, one can visualise this process as blowing up a singular point into a sequence of spheres.
In further development, it has been shown in [2] that it is possible to consider a suitable lens space with a free U(1)-action which yields the quantum weighted projective lines with no restriction on weights as fixed points. The cyclic group action on O(S 3 q ) that defines these lens spaces, however, is not free.
The most recent development is the analysis of quantum weighted projective spaces for all n, but with a restriction on the weights m 0 , . . . , m n which classically corresponds to projective varieties isomorphic to CP n [12] . When this restriction is imposed one can find an explicit description of generators and D'Andrea and Landi construct principal circle bundles over quantum weighted projective spaces. Fixed points of cyclic group actions on O(S 2n+1 q ) serve as total spaces for these bundles. The first aim of the present note is to extend these results to quantum weighted projective spaces with no restriction on weights, and also to show that the defining circle action on O(S 2n+1 q ) is free provided m 0 = 1. The second aim is to take a closer look at multidimensional quantum teardrops, i.e. n-dimensional quantum weighted projective spaces with all bar the last weights being equal to one. Classically such projective varieties are not isomorphic to projective spaces unless n = 1. We describe generators of multidimensional quantum teardrops, outline their representation theory and calculate their K-groups.
Quantum freeness and strong gradings
In noncommutative geometry, the notion of a free quantum group action on a noncommutative space is encoded in the notion of a principal coaction of the corresponding Hopf algebra on the coordinate algebra of the quantum space; see e.g. [8] . If the quantum group is in fact an Abelian classical group, the principality is equivalent to the notion of strong grading [18] .
Let G be a group. A G-graded algebra A decomposes into a direct sum of subspaces A g labelled by g ∈ G such that A g A h ⊆ A gh , for all g, h ∈ G. In case A g A h = A gh , for all g, h ∈ G, A is said to be strongly G-graded. We will write |a| G for the G-degree of a ∈ A. Also, |A| G will denote the subalgebra of A consisting of all the invariant elements, i.e. all elements with degree equal to the neutral element of G. As explained in [18, Section A.I.3.2], A is strongly G-graded if and only if, for all generators g of G, there exist a finite number of elements a i , b i ∈ A such that (2.1)
Out of a given G-graded algebra A, a group epimorphism π : G → H, and a group monomorphism ϕ : K → G one can construct the following group graded algebras. First, π induces an H-grading on A by setting, for all h ∈ H,
Second, ϕ yields a K-graded algebra 
A G-graded algebra A is strongly graded if and only if the induced H-grading on A and K-grading on A (K) are strong.
Note that in the case of sequence (2.2), |A| H = A (K) and |A| G = |A (K) | K . In this note we deal solely with algebras graded by Abelian groups which can be fitted into an exact sequence (2.2). Specifically, K = G = Z, H is the cyclic group Z N , π : Z → Z N is the canonical projection m → m mod N and ϕ : Z → Z is given by m → mN. Z-gradings correspond to the circle actions, while Z N -gradings correspond to actions by the cyclic group of order N.
Quantum weighted projective and lens spaces
The algebra O(S 2n+1 q ) of coordinate functions on the quantum sphere is the unital complex * -algebra with generators z 0 , z 1 , . . . , z n subject to the following relations:
where q is a real number, q ∈ (0, 1); see [21] . For any n + 1 (coprime) positive integers m := (m 0 , . . . , m n ), one can define the Z-grading on O(S 2n+1 q ) by setting
This grading is equivalent to the weighted U(1)-action on the quantum sphere or to the
) is known as the coordinate algebra of the (complex) quantum n-dimensional weighted projective space and is denoted by O(WP
We refer to the (co)action corresponding to this grading as the defining (co)action of the quantum weighted projective space. Fix a positive integer N. The algebra associated to the inclusion Z → Z, k → kN is known as the coordinate algebra of the quantum lens space and is denoted by
see [15] . From this it is clear that O(L ), which is the coordinate algebra of the S 1 -prolongated even-dimensional quantum sphere S 2n q . It is a * -algebra generated by z 0 , . . . , z n and central unitary w, which in addition to relations (3.1) satisfy the condition that z * n = wz n ; see [9] . O(Σ 4. Quantum principal bundles over quantum lens and weighted projective spaces.
To study the nature of coordinate algebras of quantum projective and lens spaces as (degree zero part of) graded algebras only partial knowledge of generators is needed. In this section the following self-adjoint elements of O(WP n q (m)) or O(RP 2n q (m)) (depending on the context) will be of particular importance:
Noting that z 0 z * 0 = 1 − a and z * 0 z 0 = 1 − q −2 a, and that z 0 a = q 2 az 0 one easily finds that for all N ∈ N, 
Proof. The * -compatible (meaning such that degree of a homogenous element is opposite to the degree of its conjugate) grading of
The group Z N is generated by 1, hence we need to find elements α r , β r such that 
The following result, although not stated in this generality, is already contained in [12] . Proof. In both cases we consider the Z-grading given by |z i | Z = m i , i = 1, . . . , n, |z 0 | Z = 1, and apply Lemma 2.1 to the short exact sequence The results of this section indicate smoothness of quantum spaces discussed here which is in a marked contrast with the classical situation. An algebra is said to be homologically smooth if it admits a resolution of finite length by its finitely generated projective bimodules; see e.g. [22, Erratum] . Homological smoothness of algebras discussed in this paper can be argued thus: The enveloping algebras of coordinate algebras of quantum unitary groups are Ore localizations of iterated skew polynomial algebras, hence they are Noetherian and of finite global dimension (see e.g. (1, m 1 , . . . , m n ) ) are homologically smooth.
The K 1 -groups of the quantum lens spaces
The interpretation of C * -algebras of continuous functions on quantum spheres as graph C * -algebras in [14] allows one to find the formula for the K 0 -group and effectively compute the K 1 -group for quotients of quantum spheres by finite group actions; see [10] . For the Z N action defining L 2n+1 q (N; m) this computation is carried out in [15] , provided all the m i are coprime with N, but the arguments used there can be easily extended to the general case, thus leading to the following 
Proof. Recall from [14] that the algebra of continuous functions on the quantum odd-dimensional sphere, C(S 2n+1 q ), is isomorphic to the graph C * -algebra associated to the finite graph L 2n+1 defined as follows. L 2n+1 has n + 1 vertices v 0 , v 1 , . . . , v n and (n + 1)(n + 2)/2 edges e ij , i = 0, . . . , n, j = i, . . . , n, with v i the source and v j the range of e ij . As explained in [16, Lemma 2.3] , the grading of a graph C * -algebra by a finite group G or, equivalently, the coaction by a finite group algebra corresponds to a labeling of the graph, i.e. to a function that to each edge assigns an element of G. In the case of the grading of C(S 
In view of [19, Theorem 3.2] , the latter can be read off the following homomorphism of Abelian groups:
So, specifically, (1, . . . , 1, m) ). 
The epimorphism (6.6) gives rise to the short exact sequence
where J is the * -ideal generated by z n . Note that π n λ (z n ) is a compact operator, hence π n λ (J) is contained in the set of compact operators on H n . Since the maps in (6.7) preserve the Z-degrees and the Z-grading defining quantum weighted projective spaces is strong, sequence (6.7) yields the exact sequence
is generated by the c l and z n z * n = 1 − n−1 i=0 b i , where b i := b i,j in agreement with definitions (4.1). Since, for all x ∈ J, π λ (x) is a compact operator, π s (J ) ⊆ K, the ideal of compact operators on H s . Consequently, the topological closure ofJ is contained in the direct sum of m-copies of K. Let
The operators π s (c i c * i ) are diagonal operators, which, by inspection of (6.5) can be seen to distinguish between the elements of the basis of H n s . More precisely, let
This implies that (the completion of) π s (J) contains all orthogonal projections to one-dimensional subspaces of H n s spanned by the orthonormal basis vectors |k 0 , . . . , k n−1 , i k i ≡ s mod m. Finally, π s (c l ) are step-by-one operators on H n s with non-zero weights. Hence π s (J) = K and, consequently, the completion ofJ is equal to K ⊕m . Therefore, the exact sequence (6.8) gives rise the the following exact sequence of C * -algebras
)) = 0 (see e.g. [14, Section 4]), the K-theory six-term exact sequence derived from (6.9) yields the K-groups of quantum teardrops as stated. ⊔ ⊓ The knowledge of generators and representations allows one also to construct 1-summable Fredholm modules over O(WP n q (1, . . . , 1, m)). Following [11] , consider representations of the odd-dimensional quantum sphere algebras O(S 2n+1 q ) defined as follows. For a fixed n, representationsπ n k are labelled by k = 0, . . . , n, and are defined on the space H n = ℓ 2 (N n ) with the orthonormal basis |p , where p = (p 1 , . . . , p n ) ∈ N n . For all 0 ≤ i < k let e k i denote the sequence of length n consisting of i zeros, followed by k − i units, followed by n − k zeros. Then
0, otherwise
, with the convention that p 0 = 0. Representations forming a Fredholm module are defined, for all x ∈ O(WP n q (1, . . . , 1, m)), by
It is shown in [11, Proposition 3] (m; 1, . . . , 1, m) ) is generated by the following elements:
The proof is similar to that of Lemma 6.1, and, as in that proof we only justify statement (1) .
) is spanned by all elements of the form (6.12) z
see [9] . To derive generators (6.10) we focus on those elements in the basis (6.12), for which 2s ≥ r. Since (z r n w s ) * = z r n w r−s , the elements such that 2s < r are simply * -conjugates of those with 2s ≥ r. Following the same arguments as in the proof of Lemma 6.1, the elements (6.12) 
Thus we can group the z i with the z * j to form the b i,j and be left to consider only those in (6.12) for which k 0 = . . . = k n−1 = 0. The degree-zero condition n−1 i=0 l i = m(2s − r) splits into two cases. If s ≥ r, then
If s < r, then set k := r − s, so that 2s − r = r − 2k, and then
Therefore, O(RP Note that d n−1 = 2 n−1 m n−1 and since d n−1 = r 1 r 2 . . . r n−1 at least one of the r i is even if n > 1. As a consequence, the sequence (6.16) as it stands does not determine uniquely the K 0 -group. More precisely, K 0 (C(RP 2n q (1, . . . , 1, m))) might be equal to
for any even r k . For example, for n = 2, r 1 = 2m, hence, 
